AN ENERGY-THEORETIC APPROACH TO THE 
HITCHIN-KOBAYASHI CORRESPONDENCE 
FOR MANIFOLDS, II 

TOSHIKI MABUCHI* 

Dedicated to Professor Eugemo Calabi on his eightieth birthday 

Abstract. Recently, Donaldson proved asymptotic stability for a polarized algebraic 
manifold M with polarization class admitting a Kahler metric of constant scalar cur- 
vature, essentially when the linear algebraic part H of Aut°(M) is semisimple. The 
purpose of this paper is to give a generalization of Donaldson's result to the case where 
the polarization class admits an extremal Kahler metric, even when H is not semisimple. 

1. Introduction 

For a connected polarized algebraic manifold (M, L) with an extremal Kahler metric 
in the polarization class ci(L)r, we consider the Kodaira embedding 

$ m = $| L « m , : M P*(V m ), m > 1, 

where F*(V m ) denotes the set of all hyperplanes in V m := H (M,O(L m )) through the 
origin. For the identity component Aut°(M) of the group of holomorphic automorphisms 
of M, let H denote its maximal connected linear algebraic subgroup. Replacing the ample 
holomorphic line bundle L by some positive integral multiple of L if necessary, we may 
assume that the natural if-equivariant maps 

pr m : ®"H^ V m , m = l,2,..., 

are surjective (cf. [TH], Theorem 3), and may further fix an //-linearization of L, i.e., a 
lift to L of the if-action on M such that H acts on L as bundle isomorphisms covering 
the if-action on M. In this paper, applying a method in [15J, we shall generalize a result 
in Donaldson [3] about stability to extremal Kahler cases: 

Main Theorem. For a polarized algebraic manifold (M, L) as above with an extremal 
Kahler metric in the polarization class, there exists an algebraic torus T in H such that 
the image $ m (M) in ¥*(V m ) is stable relative to T (cf. Section 2 and [I3j) for m>l. 

In particular in ^B], by an argument as in [Hj, an extremal Kahler metric in a fixed 
integral Kahler class on a projective algebraic manifold M will be shown to be unique up 
to the action of the group H. 

We now consider the set Al of all algebraic tori T in H for which the statement of 
Main Theorem is valid. Note that, if T' and T" are algebraic tori in H with T' C T" and 
X" G Al, then T" also belongs to Ax (cf. |T3], Theorem 3.2). Fix once for all an extremal 
Kahler metric uq in the polarization class in Main Theorem. By a result of Calabi |T], 
the identity component K of the group of isometries of (M, uj ) is a maximal compact 
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connected subgroup of H. For the identity component Z of the center of K, we consider 
the complexification Z c of Z in H. In order to prove Main Theorem, it suffices to show 

Theorem I. The torus Z c belongs to Al. 

For the set A of all algebraic tori T in Z c , we consider its subset A consisting of all irre- 
dundant elements in A (cf. Definition 2.4), where Z c always belongs to A . Furthermore, 
related to the obstruction as in (13], we shall show that 

(1.1) Z c e Ax, 

where Ax is the subset of A as in Section 2 below, and is obtained from a weighted version 
of Donaldson's asymptotic expansion approximating balanced metrics. Then the proof of 
Theorem I is reduced to showing the following: 

Theorem II. A L nA = A n Ax. 

If the scalar curvature of the extremal Kahler metric u) above is constant, and if the 
obstruction as in J3j vanishes, then we have both Ai = A and {1} G Ao- Hence in this 
case, Theorem II shows that {1} sits in A^. This then proves the main theorem in |15j . 

One may ask why relative stability in place of ordinary stability has to be considered 
in our study. The reason why we choose relative stability is because, in general, the 
obstruction in to asymptotic semistability does not vanish (cf. jlZj)- Thus, as to 
the group action on V m related to stability, we must replace the full special linear group 
SL(K m ) of V m by its subgroup G m (T) (see (2.3)), where the algebraic torus T in Z c is 
chosen in such a way that the obstruction vanishes for the group G m (T), i.e., G m (T) fixes 
M m (cf. Section 2). Note also that G m (T) is a direct product of special linear groups. To 
see why we choose such a group G m (T) in place of SL(V m ), we compare our stability with 
that of holomorphic vector bundles. Recall that a holomorphic vector bundle splitting 
into a direct sum of stable vector bundles often appears in the boundary of a compactified 
moduli space of stable vector bundles. Similarly for our stability of manifolds, a splitting 
phenomenon occurs for V m in (2.2). Roughly speaking, we consider the moduli space of 
all M's with fixed decomposition data (2.2), where same type of construction of moduli 
spaces occurs typically for the Hodge decomposition in the variation of Hodge structures. 

We now explain the difficulty which we encounter in applying the method of ^2]- Such 
a difficulty comes up when we use the estimate of Phong and Sturm [21] . By applying a 
stability criterion in of Hilbert-Mumford's type, we write the vector space p m as an 
orthogonal direct sum 

Pm = P m ©P m , ( cf - Section 3), 

and then check the stability of M m along the orbits of the one-parameter subgroups in 
G m (T) generated by elements of p'^. Though p and p^ are transversal by the equality 
p^ = p m fl p, we further need the orthogonality of p and p^ in order to apply directly the 
estimate in [21]. Since such an orthogonality does not generally hold, we are in trouble, 
but still the situation is not so bad (see (3.17), (3.18)), and this overcomes the difficulty 

It is very likely that the set A^ has a natural minimal element closely related to the 
construction of the torus To in Section 2. To see this, let us consider the case where M 
is an extremal Kahler toric Fano surface polarized by L = K^. Then M is possibly a 
complex projective plane blown up at r points with r < 3. If r = or 3, then M admits 
a Kahler-Einstein metric, and the explanation following Theorem II above shows that 
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Al has the unique minimal element {1} (= T ). On the other hand, if r = 1, then T 
coincides with Z c , and is the one-dimensional torus generated by the extremal Kahler 
vector field. Hence, in this case, A^ has the unique minimal element To. Finally for r = 2, 
the involutive holkomorphic symmetry of M switching the blown-up points allows us to 
regard To as the one-dimensional torus generated by the extremal Kahler vector field. It 
then follows that To again has to be a minimal element of Al- 

2. Notation, convention and preliminaries 

Throughout this paper, we fix once for all a pair (M, L) of a connected projective alge- 
braic manifold M and an ample holomorphic line bundle L over M as in the introduction. 
For V m in the introduction, we put N m := dim c V m — 1, where the positive integer m is such 
that L m is very ample. Let n and d be respectively the dimension of M and the degree 
of the image M m := $ m (M) in the projective space ¥*(V m ). Fixing an if -linearization 
of L as in the introduction, we consider the associated representation: H — > PGL(V^). 
Pulling it back by the finite unramified cover: SL(V m ) — > PGL(V m ), we obtain an isogeny 

(2.1) l-.H^H, 

where H is an algebraic subgroup of SL(V m ). On the other hand, for an algebraic torus 
T in H, the if-linearization of L naturally induces a faithful representation 

H — > GL<y m ), 

and this gives a T-action on V m for each m. Then we have a finite subset T m = 
{Xu X2, ■ ■ ■ , Xv m } °f the free Abelian group Hom(T, C*) of all characters of T such that 
the vector space V m = H°(M, 0(L m )) is uniquely written as a direct sum 

(2.2) V m = V T ( Xk ), 

fc=i 

where for each \ £ Hom(T, C*), we set Vt(x) '■— {s E V m ; t • s — x{t) s for all t G T}. 
Define an algebraic subgroup G m = G m {T) of SL(V m ) by 

(2.3) G m := H SL(V T ( Xfc )), 

fc=i 

and the associated Lie subalgebra of s\(V m ) will be denoted by Q m . Here, G m and g m 
possibly depend on the choice of the algebraic torus T, and if necessary, we denote these 
by G m (T) and g m (T), respectively. The T-action on V m is, more precisely, a right action, 
while the G m -action on V m is a left action. Since T is Abelian, this T-action on V m can 
be regarded also as a left action. Note that the group G m acts diagonally on V m in such a 
way that, for each k, the k-ih factor SL(Vr(Xfc)) of G m acts just on the fc-th factor Vr{xk) 
of V m . We now put 

W m := {S d (V m )}® n+1 , 

where S d {V m ) denotes the d-th symmetric tensor product of V m . To the image M m of M, 
we can associate a nonzero element M m in such that the corresponding element [M m ] 
in F*(W m ) is the Chow point of the irreducible reduced algebraic cycle M m on F*(V m ). 
Note that the G m -action on V m naturally induces a G m -action on W m and also on W^. 
As in ^3], the subvariety M m of F*(V m ) is said to be stable relative to T or semistable 
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relative to T, according as the orbit G m ■ M m is closed in or the closure of G m ■ M m 
in does not contain the origin of W^. 

Take a Hermitian metric ho for L such that c\(L\ ho) is the extremal Kahler metric ujq 
in the Main Theorem. Let E be the extremal Kahler vector field for (M, uq), and let £ 
be the Lie algebra of K. For uj$ above, we further define A min as the set of all T G A for 
which the statement of Theorem B in [21 is valid. Then, as the procedure in Section 6 
of [H] shows, there exists a unique minimal element, denoted by T , of A min such that 
Amin = {TgA;T cT}. Then by the notation in (3.1) below, T is the closure in Z 
of the complex Lie subgroup generated by the vector fields 

E, F k , k = 1,2,... , 

which appear in the asymptotic expansion approximating weighted analogues (cf. I HI . 
2.6) of balanced metrics. For each T G A min , we put T := t _1 (T), and let G' m (T) and 
Z' m (T) be the identity components of G m {T) R H and G m (T) R Z c , respectively. Put 

Ai :={TG A min ; G' m (T) ■ M m = M m }. 

Definition 2.4. For an algebraic torus T in A, we say that T is irredundant, if dim^ K c = 
dime G' m (T) + dime T, or equivalently if dime Z c = dime Z' m (T) + dime T. For instance, 
if T = Z c , then Z' m (T) = {1}. Hence, Z c is irredundant. 

For the complexification K c of K in H, we define K c := l~ 1 (K c ) and its subset 
Z c := l~ 1 {Z c ). For the time being, let T = Z c , and we consider the associated set 
T m = {xi, X2- ■ ■ ■ , Xum} of characters. Since K c commutes with Z c , we have the inclusion 

(2.5) K c C SL(V m ) f| J] GL(V zC ( Xk )). 

k=l 

Recall that the extremal Kahler vector field E belongs to the Lie algebra of To. Hence, a 
theorem of Calabi [I] shows that G' m (Z c ) C G' m (T ) C K c . Hence, 

(2.6) G' m (Z c ) ■ Z € C K c . 

Proof of (1.1). To show (1.1), we compare two groups {K C ,K C } and G' m (Z c ). By (2.5), 
we obviously have [K C ,K C ] C G' m (Z € ). On the other hand, 

dim c [^ C ,^ c ] = dim; A' : dim; Z : > dim c G' m (Z c ), 

where the last inequality follows from (2.6) in view of the fact that the intersection of 
G' m (Z c ) and Z c is a finite group. Now, we see that G' m (Z c ) coincides with [K C ,K C ]. 
Hence G' m (Z c ) ■ M m = M m . Then by To C Z c , we now obtain Z c G Ai, as required. □ 

Let h be a Hermitian metric for L such that u := Ci(L;h) is a if-invariant Kahler 
metric on M. Define a Hermitian metric ph on V m by 

(2.7) Ph(s,s') := / (s,s') hm uj n , s,s' eV m , 

J At 

where (s, s') hm denotes the function on M obtained as the the pointwise inner product of 
s, s' by h m . Let S := {s , si, . . . , SN m } be an orthonormal basis for V m satisfying 

Ph{si,Sj) = 5ij. 
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Let T e A fl Ai. Then we say that S is T- admissible, if each Vr{xk), k — 1,2, ... , admits 
a basis {s^j ; i — 1,2, ... , n^} such that 

(2.8) si( k ,i) = s k ,i, i = 1,2, . . . ,n fc ; k = 1, 2, . . . , v m , 

where nk ■= dime Vr(xk), and l(k, i) := (i — 1) + E^,"! 1 ^/ for all k and z (cf. [Tl]). 
Let t c := Lie(T c ) denote the Lie algebra of the maximal compact subgroup T c of T. Put 
q := 1/m and Ir := v^— Tt c . For each F e t«, we define 



(2.9) B q (u,F) := ^^^e^'l^ 



fc=l i=l 
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where |s||m := (s, s)ftm for all s G V m , and rf^fc : t-R — > R denotes the restriction to % of 
the differential at t = 1 for the character Xk G Hom(T, C*). 

As a final remark in this section, we give an upper bound for degrees of the characters 
in r m . Let T be an algebraic torus sitting in Z c . By setting r := dimcT, we identify T 
with the multiplicative group (C*) r := {t = (ti,t 2 , ■ ■ ■ ,t r ) ; tj G C* for all j}. Since each 
Xk in (2.2) may depend on m, the character Xfc will be rewritten as Xm-,k until the end of 
this section. Then for each k G {1, 2, . . . , z/ m }, 

= f[tf mM , t=(t u t 2 ,....t r )ET, 
i=i 

for some integers a(m,k,i) independent of the choice of t. Define a nonnegative integer 
a m by a m := sup^ Ti[ =1 \a{m, k,i)\. Then we have the following upper bound for a m \ 

Lemma 2.10. For all positive integer m, the inequality a m < mct\ holds. 

Proof. Put S := Ker pr m . Since the subspace S of ® m Vi is preserved by the T-action, we 
have a T- invariant subspace, denoted by S ± , of ® m Vi such that the vector space ® m Vi is 
written as a direct sum 

<S, m Vt = S@S ± . 

Then the restriction of pr m to S 1 - defines a T-equivariant isomorphism S ± = V m . On the 
other hand, the characters of T appearing in the T-action on ® m V\ are 

where 7 m is the Cartesian product of m-pieces of I :— {1, 2, . . . , u m }. Since S 1 - (= V m ) is 
a subspace of ® m V\, we now obtain 

oc m < niax S[ =1 |S^1 1 a(l, fcj, i)| < max E™ =1 S[ =1 |a(l, fcj, z)| < ma.\, 

kel m " fcG/ m 

as required. □ 

Remark 2.11. By the definition of i r '(£) in (3.1) below, Lemma 2.10 above implies that 
\dXm-,k{F < Cctiq for some positive real constant C independent of the choice of m 
and k. Hence in (3.1) below, for each fixed nonnegative integer I, there exists a positive 
constant C independent of m and k such that 

| C -4»<*W) _ 1| < c , qt k = l,2,...,v m . 

In particular, by the notation in (3.2) below, the integral J M \\sk,i\\f li m,uj(£) n (= e~ dXk( - F( - e ^) 
converges to 1, uniformly in k, as m — > oo. 
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3. Proof of Theorem II 

Fix an arbitrary element T of A D Ai. Let m ^> 1. Then by [T3|, Theorem B, there 
exist .Ffc G real numbers at& G M, and smooth real-valued i^-invariant functions (p^, 
k = 1,2,. . . , on M such that, for each I G Z> , we have 

(3.1) B q (u(£), F(£)) = C q/ + 0(g m ), m > 1, 

where F{1) := (v^I £/2) g 2 + Ej =1 9 ?"+ 2 F i , /*(£) := /i exp(-£Li<?V,), := 1 + 
Sj =0 and lu(£) : = ci(L; Let us now fix an arbitrary positive integer I. To 

each T-admissible orthonormal basis S := {so, si, . . . , SN m } for (V^; Ph(£)), we associate a 
basis S := {s , h, ■ ■ ■ , SN m } for V m by 

(3.2) Sfc^ = e Xfe ( ^ ^ Sf~ t i, i = 1,2,..., Ti^; = 1,2,..., z/ m , 

where we put s^k,i) — s k,i and s^j) = §k,i by using the notation in (2.8). We now consider 
the Kodaira embedding <3> m : M — > F*(V m ) defined by 

®m(x) ■= (s (x) : s x (x) : • ■ • : s Nm (x)), x G M, 

where P*(F m ) is identified with P Af ™(C) = { (z : ^i : • • • : 2jvJ } by the basis S. Put 
M m := $ m (M). Since A^ fl A is a subset of Ai D A (cf. [13], Section 3), the proof of 
Theorem II (and Main Theorem also) is reduced to showing the following assertion: 

Assertion: The orbit G m (T) ■ M m is closed in W m . 

In the Hermitian vector space iy m ' 1 Ph(i))i the subspaces Pr(Xfe), k =1,2,..., u m , are 
mutually orthogonal. Put 

K m := Yl $U(V T (xk)',Ph(£)), lm := su(V T (Xk); Ph(£))- 

k=l k=l 

Since T belongs to A 1; the group G' m = G' m (T) coincides with the isotropy subgroup of G m 
at M m G W m . Consider the Lie algebra g' m := Lie(G' m ) of G' m . Put fj := Lie(iJ) = Lie(H). 
Then by G' m C H C SL(V^), we have the inclusions 

^ f> S [(y m ). 

Put t' m := Lie(i^), where K' m is the isotropy subgroup of K m at the point M m G W 7 ^. 
Then g m and $j' m are the complexifications of t m and t' m , respectively (cf. pQ). Put 
p m := a/^I t m and := \/^lt' m . We further define 

(J) u(T^(xfc);/t>fc(/)) f {^\su(V m ;p h w), «p m := v 73 !-^- 

By the above inclusions of Lie algebras (see also (2.5)), we can regard p := y/^-Tt as a 
Lie subalgebra of ^3 m . Let cjps De the Fubini-Study metric on F*(V m ) defined by 

^ FS := (v /Z T/27r)^log(S^ |z a | 2 ). 

For each Q G ^3 m , let Q be the associated holomorphic vector field on F*(V m ). By the 
notation for t = in Step 1 later in Proof of Assertion, we obtain a vector field QrM m on 
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M m via the orthogonal projection of Q along M m to tangential directions. Then we have 

(Ym) 

i Q (uj FS /m) = (v /Z T/27t)^ q . 



a unique real-valued function (fg on F*(V m ) satisfying both j ¥ *, v s ^Q^-ps = ® anc ^ 



Let D M FS := — d*d denote the Laplacian on functions on the Kahler manifold (M, ^^cups) 
Define a positive semidefinite i^-invariant inner product ( , ) on *}3 m by setting 



(Qi,Q 2 ) ■= —J ((Qi) TMm ,(Q 



TM m i \ ^-2)TM m )u v * ^FS 



d(p Q2 Adcp Ql Anuj% s = / (d(p Ql , dcpgX^ ^fs 

M m ./ Af m 

(□m.fsVqJ ^>fs 

'Af 

for all Qi, Q 2 G ^3 m . Restrict this inner product to p m - Then the inner product ( , ) on 
p m is positive definite on p and hence on p' m . As vector spaces, and p m are written 
respectively as orthogonal direct sums 

tym — P©P" L , Pm = Pm © Pm) 

where p^ is the orthogonal complement of p in *p m , and moreover p^ is the orthogonal 
complements of p' m in p m (cf. [15 J. Hence if Q G p -1 , then for any holomorphic vector 
field W on M m , we have 
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2 / (2TA/ m , W TMm )^ fs o;fs 

m JM m 

= / (9(f Q , 0o + d((p w i + V^1lp W 2)) UJfs uj$ s 

J M m 

= [ {6 A difq + d{tp w i - v 73 ! tpw) A 9(f Q } A riLUpg 1 = 0, 

2n JM m 

where «w( w Fs/ m ) on M m is known to be expressible as 9 + B((p w i + \f—\ip W 2) for 
some holomorphic 1-form 9q on M m and elements W 1 , W 2 in p. We consider the open 
neighbourhood (cf. [To] ) 

U m := {XGp m ;C(adX)p^n Pm = {0}} 

of the origin in p^, where ( : R — > R is a real analytic function defined by ((x) : = 
x(e x + e~ x )/(e x — e~ x ), i ^ 0, and ((0) = 0. By operating ddlog on both sides 

of (3.1), we obtain 

(3.3) $;^ FS = fflw(f), modq e+2 . 

For an element X of ^ m (later we further assume X G p m ), there exists a T-admissible 
orthonormal basis T := {r , Ti, . . . , Tjv m } for (V^, /0fc«)) such that the infinitesimal action 
of X on y m can be diagonalized in the form 

X -r a = 7 Q (X)r a 

for some real constants 7 Q = 7 a (X), a = 0,1,..., N m , satisfying £^™ 7 Q (X) = 0. As 
in (3.2), we consider the associated basis T = {f Q ,fi, . . . ,f Nm } for V m , where f k>i := 



e -d Xk (F(t))/2 Tk ^ By setting 

A x (e 4 ) := exp(tX), t el, 

we consider the one-parameter group Ax : K+ — » { GL(Vr(Xfc)) } H SL(Kn) associ- 
ated to X. Then Ax(e*) • r a = e* 7a r a for all a and all tel. Moreover, 

V^m f If I 2 

( 3 - 4 ) $ m<^X = Nm I- 10 ' X E Vm- 

Let r\ m be the Kahler form on M defined by r\ m := (1/m) $^c<; FS . To each X e *J} m , we 
can associate a real constant cx such that <fix '■= cx + ^m^Px on M satisfies 



fork = 0. 
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Proof of Assertion: Fix an arbitrary element / X of p^, and define a real-valued 
function fx,m(t) on ^ by 

fx, m (t) ■■= log ||Ax(e*) ■ M m \\ CU (p h{l) ). 

For this X, we consider the associated 7 a (Jf), a = 0,1,... , iV m , defined in the above. 
From now on, X regarded as a holomorphic vector field on ¥*(V m ) will be denoted by X. 
By j2B] (see also jHj, 4.5), we have fx,m(f) > for all t. Then by |TJ)j, Lemma 3.4, it 



Am) 

J X 

( ) fxAtP) = < fxA^) and f 1 J G 17, 



suffices to show the existence of a real number such that 



m • 



In the below, real numbers Cj, i = 1,2,..., always mean positive real constants indepen- 
dent of the choice of m and X. Moreover by abuse of terminology, we write m ^> 1, if 
m satisfies m > mo for a sufficiently large mo independent of the choice of X. Then the 
proof of Assertion will be divided into the following eight steps: 

Step 1. Put A t := Ax(e*) and M mit := Af(M m ) for each tel. Metrically, we identify the 
normal bundle of M TO)t in P*(V^) with the subbundle TM^ t of TF*(V m )\M m:t obtained as 
the orthogonal complement of TM m j in TF*(V m )\M m ,f Hence, TF*(V m )\M mit is differen- 
tiably written as the direct sum TM m jQ)TM^ t . Associated to this, the restriction X\ Mmt 
of X to M m t is written as 

for some smooth sections X TM and X TM ± of TM mt and TMj~ t , respectively. Then 
the second derivative fx,m(t) is (see for instance [Hj, [21]) given by 

(3-6) f X ,m(t) = f I^TMiJi^FS > 0. 
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Since the Kodaira embedding $ r : M — > P^™ (C) defined by 

$ r (p) ■= (r (p) ■ n(p) ■■■■■ T Nm (p)) 
coincides with $ m above up to an isometry of (V m , ph(t))i we may assume without loss of 



generality that $ r is chosen as $ m . 



Step 2. In view of the orthogonal decomposition = p 1 - © p, we can express X as an 
othogonal sum 

X = X' + X" 

for some X' G p and X" G p ± . Since is X-invariant (cf. j!4j), the group K acts 
isometrically on {V m ,ph(e))- Now, there exists a T-admissible orthonormal basis B := 
{/3 , Pi, . . . , P Nm } for V" m such that the infinitesimal action of X" on V m is written as 

X"-/3 a = j a (X")(3 a7 a = 0,l,...,N m , 

for some real constants 7 Q (X"), a = 0,1,... ,N m , satisfying S^ r ™ 7 Q ,(X") = 0. By the 
notation as in (3.2), we consider the associated basis B := {$q, $i, • $N m } for V m . 
Then 

r , 7 ^ - g^Tog) l/j| 2 

where 7q ,(X") := j a (X") + mcx"- Now, X' and X" regarded as holomorphic vector 
fields on F*(V m ) will be denoted by X' and X", respectively. Associated to the expression 
TF*(V m )\M m , t = TM m>t © TM^j as differentiable vector bundles, the restrictions X\ Mmt 
X[' Mm t of X' and X" to M m , t are respectively written as 

X \M m ,t = X TM m>t ® X TM^ t alld X \M mtt = X TM mit ® X TM^ 

where XL M Xll M are smooth sections of TM mt , and X'.. ± X"., x are smooth 

1 lvl m,t 1 nl m,t 1 M mt 1 M mt 

sections of TM^ nt . Then by X' G p, we have 

(3.8) X tm x , = 0' i- e -> X TM^ t = X tm^ ■ 

m,t m ) r m,t 

Step 3. Since T is irredundant, we have Q' m (T) + t = 6 C , i.e., p^ + •>/— Tt c = p, where 
these are equalities as Lie subalgebras of f). From now on until the end of this step, as in 
the preceding steps, we regard both p^ and 6 C as Lie subalgebras of sl(V m ). Hence, as 
Lie subalgebras of sl(V m ), we have 

p = p' m + V^lt c . 

where we put t c := Lie(T c ) for the maximal compact subgroup T c of T := t~ 1 (T). Then 
we can write X' G p as a sum 

X' = Y + W 

for some Y G p' m and some W G \/— 1 t c . Note that the holomorphic vector fields y and 
W on P*(V^j) induced by Y and W, respectively, are tangent to M. By [Y, W] = 0, there 
exists a T-admissible orthonormal basis {a , <7i, . . . , 0jv m } for such that 

Y ■ cr Q = 7a00 °"a, ol = 0, 1, ... , iV m ; 
W • o"fc,i = h a hji , k = 1, 2, . . . , v m , 

for some real constants j a (Y) and where in the last equality, cr^j := Oj^j) as in (2.8). 
By setting a^i = e~ dXk( - F( -^^ 2 cr k)i , we later consider the basis {a ,ai, . . . ,&N m } for V m . 
Note that E^b7 a (y) = E^i^fe* = 0. Since both X and K belong to p m , it follows 
from X = X' + X" = Y + W + X" that 

£2i7mP0 = ESiTmOO = and n kh = -E£ l7iM (X") for all fc, 
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where 7^ := ^i(k,i) as in (2.8). Note that X G p^> and X" e p -1 , where by p^ + v / — It = p, 
the space p- 1 is perpendicular to p' m . Then by F e p^ and X = F + IF + X", we have 

(F,F) + (F,VF) = (F,X) = 

in terms of the inner product ( , ) on % n . Hence (F, F) = - (F, W) < y/(Y,Y)(W,W). 
It now follows that 

(3-9) / |3VX S ^ S = m 2 (Y,Y) < m 2 (W,W) = [ |W| M J 2 FS ^s- 
The integral on the right-hand side is, form> 1, 

(yvm V n *; iPr I 2 V"* 1 ~ 12 \ /v^ m V"fe A I =. 12 \2 

l^|fe=l^i=lFMl/i(<)Jl 2j A=l 2j i=l fcl (7 *,«lk(<)i ~~ l Zj fc=l Zj i=l°fel Cr fe,«l/i(£)J 



/ 



(spvm v Tlfe IP^ |2 "\2 lm 
M l Zj fc=l Zj i=ll Cr fc,«lhmJ 



V^m V™* A 2 IPr 1 2 
— / S^Vm V n »= IPr |2 "™ 

<M ^k=l^i=l\ a k,i\h{t) 



< — 
~ 2 



1,2 I ~ 1 2 

^fc=l Zj i=l ( 

'M 

for some Ci, where in the last two inequalities, we used Remark 2.11 in Section 2. Hence, 



e in the last two inequalities, we used R 
by setting 7 a (F) := 7«(F) + mcy, we see from (3.9) that 



(3.10) 



(Sq=0l^l^)fe7a(y) 2 |»a|^) ~ (^=07^ l^)) 2 B 

(spN m \~ 12 \2 ^ m 
{^ a =0\ a a\ h ^) 



Define real numbers f\ and / 2 by 

f 1 := /m (^a=ol^alh(^)) 1 (^a=o7a(^) 2 |5"a| 2 t (£)) 1m) 

/ 2 := J M { (S^l^l^)- 1 ^^^) |*«| 2 fcW ) } 2 C- 
If /i > 2/ 2 , then by (3.10) and Remark 2.11, we have 

£^=o f < C 2 if m » i, 

for some C 2 . Next, assume /i < 2/ 2 . Then for 

y := (mS^I^I^^-^S^^F)!^!^), 

the left-hand side of (3.10) divided by m ^> 1 is written as 

/ \y\M m \l Fs/m) Mmr = [ >cj tfrC, 

J M m Jm Jm 

for some C3, because the Kahler manifolds (M,i] m ), m ^> 1, have bounded geometry (see 
also Remark 2.11). Hence, by f\ < 2/ 2 and (3.10), we see that, for m ^> 1, 



q n C x n k b 2 k >mcj t£r& = C 3 qf 2 

Jm 



> Csqh/2 > C 4 q n+l ^%(Yf 
10 



for some C4, where in the last inequality, we used Remark 2.11. By E^™ o7q (F) = 0, we 
here observe that 7q (F) 2 < E^ 7a00 2 j Hence, whether fi > 2/ 2 or not, there 
always exists C5 such that, for m 3> 1, 

(3-11) q^ 0la (Y) 2 < CsE^nkbl 

Step 4. Put P := W + X" . In view of j2E], Theorem 1.6, a weighted version of (3.4.2) in 
[2S1 is true (cf. [Tij. jlSj). Hence by T e A 1; we obtain 



(3.12) 



fx, m (0) = f P , m (0) = (n + 1) 



iJV, 



o7«( P ) K| 2 (£) 



lh(/) 



where 7fc>i (P) := 6 fc + 7fcj4 (X") (= j l{kji) (P)). Let C 9/ = 1 + E} =s0 a iff »"+ 1 be as in (3.1). 
Then by (3.1) and (3.3), there exist a function u m ^ and a 1-form 9 m ^ on M such that 



(3.13) 



B q (ou(l),F(e)) = {n\/m n )^ Q \(3 a \l (t) = C q/ + u m/ q 
r] m = (l/m)$> FS =u(£) + 9„q e+2 , 



,1+2. 



where we have the inequalities ||wm,£||c°(A/) < C*6 and ||^m^||c (M,w ) — ^7 f° r some Ce and 
C 7 (cf. Remark 2.11; see also |25], [II!)- Hence, if m > 1, 



l/x,m(0)| 
(n + 1)! 



< 



(s^o7«(p) |gai; w ) {1 + ^(-y^W) Mf) + W+T 

Here, { 1 + E^ (-« mt< q e+2 /C q>i y }{ u{£) + 6 m>e q l+2 } n is written as (1 + w m/ ) u{£) n for 
some function w m / on M such that the inequality ||w m /llc°(M) < Cs holds for some C§. 
Then by J W {S&7«(^)I&I£ W M<) B = E^e^W) E ^(6 fe + 7M (X")) } = 0, we 
have 



|/x,m(0)| < (n + 1)! 5 



"+2 



a, 



\w. 



(n + l)\q e+2 ' n / {l + (u m/ q i+2 /C q/ )} 



M 



0la(P)\Pa\h(e) 



In view of (3.4), by setting 
C10 such that, for m ;§> 1, 



mS^ |/3 Q | 2 )- 1 (S^ 7a(P) \Pa\ 2 ), there exist C 9 and 



I 2\-l/vM. 



(3.14) 



|/X,m(0)| < g' +1 - n ^9||0||Li(M,. W ) < ^ +1 ^^1o||0||l 2 (M,. W ). 



Step 5. Note that < n\b\ = { E> l7iM pf") } 2 < n fe E^ l7jM pr") 2 holds for all jfe by the 
Cauchy-Schwarz inequality. Hence 

(3.15) K=xn k b 2 k < S^ o7a (X") 2 . 



From E^r o7Q (X") = and %(X") = 7a (X") +mc x » } it follows that ^ %(X 



'll\2 



(N m + l)(mc x ») 2 + E^ o7a (X") 2 . In particular 
(3.16) 
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ll\2 



Since jk,i(P) — bk + Jk,i(X"), (3.15) and (3.16) above imply that 

(3.17) S^ o7q (P) 2 < 2{^ kZl n k bt + S^ o7a (X") 2 } < 4E^ 7a(*") 2 - 

By X = Y + P, we have ££™ 7a (X) 2 < 2{££3, 7a (Y) 2 + ^™ ola (P) 2 }, because 
7q (X) = 7a (Y) +7a(P). Hence, by (3.11), (3.15), (3.16) and (3.17), we obtain 

(3.18) gS^o7 Q (^) 2 < 2gS^ o7Q (F) 2 + 2q^ ola (P) 2 

for m ^> 1, where we put C\\ := 4 + 2C5. Fix a positive real number £q independent 
of the choice of m and X. Put 5 := q 1/2+e °/^^ %(X") 2 . Then by (3.18), we have 
< <5 < \fC\i /li where 7 := max{ | 7q (X)| ; a = 0, 1, ... , A^ m }. In view of Step 1 of [15 , 
Section 4, by assuming \t\ < 5 , we see that the family of Kahler manifolds (M, q ^A^fs) 
have bounded geometry. 

Step 6. At the beginning of this step, we shall show the inequality (3.19) below as 
an analogue of |21j . (5.9), by proving that an argument of Phong and Sturm [21] for 
dim if = is valid also for dim if > 0. To see this, we consider the following exact 
sequence of holomorphic vector bundles 

- TM m , t - TF*(V m )\ Mmit - TM^ - 0, 

where TM^ t is regarded as the normal bundle of M mj t in P*(V). The pointwise estimate 
(cf. [21 , (5.16)) of the second fundamental form for this exact sequence has nothing to 
do with dim if, and as in [21], (5.15), it gives the inequality 

for some Ci 2 . Let ^4°' P (T A/ ) , p — 0,1, denote the sheaf of germs of smooth (0, p)-forms on M 
with values in the holomorphic tangent bundle TM of M, and endow M with the Kahler 
metric (l/m^^A^Fs- We then consider the operator TM := — d # d on ^4.°'°(Tm), where 
B# : ^^(Tm) -> A°'°(T M ) is the formal adjoint of 8 : -4°'°(T M ) -> .4 0>1 (T M ). Since by 
Step 1, the Kahler metrics g^AjfcuFs has bounded geometry, the first positive eigenvalue 
Ai of the operator —O tm on A°'°(Tm) is bounded from below by C13. Hence, by X" e p -1 , 

l^rV m ,J(c FS /m) (^Fs/™r > Ai / |^TM m J(l FS /m)(^Fs/m) n . 

,,t Mm,t 

Since dX^ M± = —dX^ MmV by Ai > C13, it now follows that 



(3.19) f x At) = / \K 



1 2 



L TM^ 4 1 ^ FS ^FS 



M m .t 



JM m ,t 



2 , ,n 



FS- 
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In view of the equality \Xll M \}. + \X" X \ 2 , = iXfL I, 2 , , by adding the integral 
C12C13 Q J M I^tm 1 - Iwfs^fs to both sides of (3.19) and by dividing the resulting in- 

m,t 1 ivi m ^ a 

equality by (1 + Ci 2 Ci 3 q), we see that, for some Cu and C15, 

(3.20) f x , m (t) = J KM ( I^WJis *&) 

> C 15 q [ \X[' M Jl > C^g / e$>^ s , 

where 6 := (E^ K| 2 )- 2 { (Efe |/3 Q | 2 )(S^ 7 a (X") 2 |^ Q | 2 ) - (S&7«(* ff ) IA*| 2 ) 2 } is 
nonnegative everywhere on M. Then by (3.14) and (3.20), 

U FS 

> -q^- n C w \\4 L , {MMe)) + C 15 6 q f M Q$* m u$s, 

< q l+l - n C lQ U\\ L ^ M ^)) ~ ^5Wm 0$ >fs- 

By (3.20) and jT^j, Lemma 3.4, the proof of Main Theorem is reduced to showing the 
following three conditions for all m ^> 1: 

i) fxM) > > fx,m(-h), ii) / ©*>fs > 0, in) t£° • X e U m . 

JM 

Since iii) follows from Remark 3.31 below, we have only to prove i) and ii). Then by 

(3.21) , it suffices to show the following for all m>l: 

(3.22) C 15 5 q [ 6$>£ s - C l0 q i+1 - n \\4>\\ L 2 (MMe)) > 0. 

JM 

Let us define real numbers <§i, £2, &x, ^2 by setting 

By the Cauchy-Schwarz inequality, we always have e\ > £2 and ei > e2- Now, the 
following cases are possible: 

Case 1: t\ > 2e 2 , Case 2: e x < 2e 2 . 
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(3.21) 



fx,m{$o) 
fx,m(—8o) 



In view of the identities in (3.13), we can write 



e n = o n n' / m u,(£) n 

q Jm 1 + SLo * k q k+l + «W <^ +2 ' 

n , /" ^a=o7a(^) 2 |A*|/U) 

y M 1 + S^ =0 a fc g /c+1 + u m/ q i+2 

i+2\n 



[ e$>^ s =m"/ &{uj(£) + e m , e q e+2 } 
Jm Jm 



and hence, given a positive real number < £ < 1, both e\ and J" M 0$^u;p g above are 
estimated, for all m ^> 1, by 



(3.23) 


(1 - e) q n {E^ ( 


(3.24) 


(l-s)g w {£^ ( 


(3.25) 


(l-e)q- n [ (■ 

JM 



'") 2 } < ex/n! <(l + e)q n {^ %(X") 2 }, 



where we used Remark 2.11. Moreover, we can write e 2 in the form 
(3-26) q~ 2 \<i>\l\M^t)) = e 2 < e x . 

Step 7. We first consider Case 1. Then from (3.17), (3.23), (3.24), (3.25), (3.26), e 2 < e x /2 
and the definition of 5o, it follows that 

L.H.S. of (3.22) > (l- £ )C 15 <W- n / 6u;(£) n - q e+1 - n C 10 U\\ L2{MMe)) 

Jm 

> (1 - e) C 15 q 1 ^ 5 (e\ - e 2 ) - g £+2 - n C 10v ^7 

> (1-6)^50^^/2- (l + e) 1/2 C 10 g^f{n!S^ o7Q (P) 2 } 1/2 

> (l-e) 2 C 15 5 g{S^ 7 Q (X") 2 }n!/2 

- 2(1 + ef' 2 C w q i+2 -Hn\ S^ 7a (X") 2 } 1/2 

> {n! S^ o7q (X") 2 } 1/2 {v^(l - /2 - 2(1 + ef' 2 C w q^} , 

for m 3> 1. Now we see that, if £ > (n — l)/2 + £o, then (/ +2 ~i /g^ 0+ f converges to as 
m — > oo. Thus, if m > 1, then by choosing t such that £ > (n — l)/2 + £ , we now see 
from the computation above that L.H.S. of (3.22) is positive, as required. 

Step 8. Let us finally consider Case 2. For each fixed £, the Kahler form r] m converges to 
uq, asm-> oo, in C J (M)-norm for all positive integers j (cf. [H|; see a ^ so Remark 
2.11). Note that I" G p 1 . In view of J M (j>x"Vm = 0, we see that 

(3.27) Hx"\\ 2 L 2 {MtVm) < C w \\d4>x"\\ 2 L 2 {M ^ m) = Ci 6 ||^^TM m lli2( M)J?ro ), 

for some C\q, where by abuse of terminology, the differential ("I^ 1 )* : TM m — > TM is 
denoted by <&* m . Moreover, by (3.19) applied to t — 0, we obtain 

(3.28) || ®mX£ Mm || h{M, Vm ) - (C12C13) ll^m^TAf^lli 2 (M,^)- 
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From now on until the end of this proof, we assume that m 3> 1. By (3.27) together with 
(3.28) and (3.7), there exist Cyj and C 18 such that 



(3.29) 



(3.30) 




\\®m X TM±\\L 2 (M, Vm ) > Cnq 1/2 \\<fix"\\L 2 (M, Vm ) 

> C 18 q 1/2 Hx"\\mMM£)) = C 18 q 3/2 Ve2- 

We now observe the pointwise estimate q 1 ^ 2 \^\M m \ui FS = \X" Mm \ rim > I^tm-lIv™- Hence by 
(3.20) and (3.29), we obtain 

fx,m(t) > C l5 j Mm (g 1/2 |^|M m L FS ) ^P S 

> C 15 q- n \\<$>* m X^ M J\ 2 L2(M ^ m) > C 19 q 3 - n e 2 , 

for some Ci 9 . As in deducing (3.21) from (3.14) and (3.20), we obtain by (3.14) and (3.30) 
the inequalities 

fx, m (5o) > R and fx,m(S ) < -R, 

where R := — q e+1 ~ n C w \\(f)\\ L 2( M ^(e)) +Cig S g 3 ~ n e 2 . Hence, it suffices to show that R > 0. 
In view of the definition of and e 2 , we see from t\ < 2e 2 and (3.26) that 

R = C 19 (W- ra e 2 " CW +2 ~ n v^ > C 19 5 g 3 - n ei/2 - C 10 q e+2 - n ^. 
Here by (3.23) and (3.24), we obtain 

(W~"ei 3/2+e Q -e 

> Con q(3+n)/2+l -l I K=0%( X ") 2 > ^20 (3+n)/2+* -< 
~ V K=ola{P) 2 ~ 2 

for some C 2 n, where the last inequality follows from (3.17). Therefore, by choosing £ such 
that £ > (3 + n)/2 + £ , we now conclude that R > for m 3> 1, as required. □ 

Remark 3.31. In the above proof, it is easy to check the condition iii) in Step 6 as follows: 
In view of \t^\ < 5 , it suffices to show that, if m 3> 1, then 

(3.32) t ■ X e U m , for all (t, X) etxp^ with \t\ < S . 

For each Q e p, let uq G C°°(M) r denote the Hamiltonian function for the holomorphic 
vector field Q on the Kahler manifold (M, u ) characterized by the equalities 

-l/2n) duq and / 

Define compact subsets H(p' m ), E(p) of p by setting 

:={Qep;„; ||^ Q || L2(MiWo) = i}, 
s(p) :={gep; ll^ Q || L2(M)Wo) = i}. 

Choose an orthonormal basis S := {s , s±, . . . , Sjv m } for the Hermitian vector space 
(V m ,ph(e))- For the space H m of all Hermitian matrices of order N m + 1, define a norm 

H m ^R> , A = (a aP ) p|| m := Vtr AM = |a a/3 | 2 
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*q w o = (v /= T/27r)aM Q and / w Q ^ n = 0. 



on TL m . Let m >> 1. The infinitesimal action of p m on V m is given by 

Q-Sf, = ^=0 7a/?(Q), Q £ p m , 

where 7q = (7 a/ a(Q)) £ denotes the representation matrix of Q on V rn with respect 
to S. Let X G p^, and let 5 be as in Step 5 above. For t G K with \t\ < 5 , we put 
X :— tX. In order to prove (3.32) above, it suffices to show 

(3.33) C(^X)Q^pl for all Q G T,(p' m ). 

Let Q G £(pm). For a suitable choice of a basis S as above, we may assume that the 
representation matrix 7q of Q is a real diagonal matrix. Note also that tr7g = 0. Let 
$ m : M -> P Wm (C) be the Kodaira embedding of M defined by (cf. (3.2) ) 

$m(p) := (5o(p) : 5i(p) : • • • : Sjv m (p)). 

In view of the definition i] m := Q* m uj-p§/m of r) m , the Hamiltonian function 0q on (M,r) m ) 
associated to the holomorphic vector field Q is expressed in the form 



(^ % a (Q)\~s a \ 2 )/(m^ \~s a \ 2 ) 



We define 7 Q := (%p(Q)) G 7i m by setting %p(Q) ■= {l aa {Q) +mc Q }5 a/3 for Kronecker's 
delta 5 a p. As in deducing (3.16) from %(X") = 7q (X") + mc X ", we easily see that 

II l|2 ^ ||- ||2 

IItqIL < IItqIL- 

Recall that r] m is expressible as uj q + (a/— l/27r) qdd^ m for some real-valued smooth func- 
tion £ m on M such that 

(3.34) UmWcHM) < C 21 , 

where all Cj's in this remark are positive constants independent of the choice of m, X 
and Q. We now observe that 

(3.35) (f) Q = u Q + q(Q£ m )- 

Note that Q G £(p„) C S(p). Since Q sits in the compact set S(p), and since S(p) is 
independent of the choice of m, there exist C22 and C23 such that 



< a 



Note that both r) m and u(£) converge to ujq as m — > 00 (see (3.3) and the statement at the 
beginning of Step 8). Note also that, by Remark 2.11, the function (n!/m ra )S^™ |s a |^ 
on M converges uniformly to 1, as m — > 00. Again by Remark 2.11, it now follows from 
the Cauchy-Schwarz inequality that, for m >> 1, 

^ /• ™ rrv\2 is 12 

(3-36) || 7o ||* = E^W) 2 > ^m" / a =°X Q ~\i 

> C 24 m"+ 2 / ($> Q ) 2 ^) n > ^ 25 m"+ 2 / ($> ) 2 ^ 
Jm Jm 



16 



for some C 24 and C 25 , where §* m ¥Q is as in (3-4). Then form> 1, 

^26 = max / \J\ly > [ |QL> " > C 27 [ \Q\l rj- 



> 



C 27 m 

C 2 8 



M 



m 

G 



71+1 



£a=0 7ao(Q) 2 l^al^) 



ill 



C 29 m 



30 



- m n+:i 



{j^5&WQ) 2 |5«lfc W "(*) B } - C 29 m 



> Q 



31" 



n+l 



- C29 m, 



for some C 2 6, C27, C 2 8, C 29 , C 30 and C31. Hence, if m >> 1, then 



(3.37) 



iTQilm < llTQilm < ^32^ 



n+2 



for some C 32 . Now by £(0) = 1, we define a real analytic function ( = ((x) on R satisfying 
C(0) = by 

C(x) : U.<\) 1. 

For lepJJ, above, by choosing an orthonormal basis for (V m , Ph(e)) possibly distinct from 
the original one, we may assume that the representation matrix j x of X is a real diagonal 
matrix. Recall that X = tX, where |f| < 5 : = g 1/2+£ °/ll7x»IU- p ut X" := tX". Then 
by (3.18), 

"Mm 

i.e., ||7xl|m < V C11 <7^° ■ Hence, if m ^> 1, 
(3-38) II 7 c>d x )Q IU < <W°||7 Q IU 

for some C33. Now by the same argument as in (3.36), we see that, for some C34, 



1*1 • HtHL < q 



1/2+^0 



(3.39) 



\^x )Q \\l > C^m n + 2 I ^l (adX)Q V^, ifm»l. 



Put a m := yJj M ^l iadx)Q V^ Then for m » 1, by (3.37), (3.38) and (3.39), 
(3.40) a m < C 35 q e ° 

for some C35. Consider the Laplacians Vm and on functions for the Kahler manifolds 
(M, ?7 m ) and (M, w ), respectively. Note that C(adX)Q = (5+C(adX)Q. Then for m > 1, 
by (3.35), we obtain 



(3-41) 



'C(adX)Q y 



> W^Q\\h(M, Vm ) - 

> \\d{u Q + q(QU)}\ L 2 (M,ri m ) 
{uq + q(QU)}\\ 

k > (l-e)i? m - (l + e)a m S' m , 
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where we put R m := \\d{u Q + q(QU)} Wh^o) and S m ■= II + q(QZm)}\\ L 2 {M ,u )i 

and e < 1 is a positive constant independent of the choice of m, X and Q. Since Q 
belongs to the compact set X(p), by (3.34) and the equality \\duQ\\ L2 ^ M ^ = 1, we obtain 
constants C^e and C37 such that 



(3.42) 



R m > 1 - 2q\\d(Q£ m )\\i?( MiU0 ) > 1 - ^seg, 

S m < \\Hu,o u q\\l2(M,u, ) + 9 ll D ^o(^m)|| L 2 (Mia;o) < C 37 . 

Then for m > 1, by (3.40), (3.41) and (3.42), we finally obtain 



M 



> (1 - e) (1 - C m q) - (1 + e) C35C37 g*> > 0, 



which implies (3.33), as required. 
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